We construct elliptic elements in the algebra of (classical pseudo-differential) operators on a manifold M with conical singularities. The ellipticity of any such operator A refers to a pair of principal symbols (σ0, σ1) where σ0 is the standard (degenerate) homogeneous principal symbol, and σ1 is the so-called conormal symbol, depending on the complex Mellin covariable z. The conormal symbol, responsible for the conical singularity, is operator-valued and acts in Sobolev spaces on the base X of the cone. The σ1-ellipticity is a bijectivity condition for all z of real part (n + 1)/2 − γ, n = dim X, for some weight γ. In general, we have to rule out a discrete set of exceptional weights that depends on A. We show that for every operator A which is elliptic with respect to σ0, and for any real weight γ there is a smoothing Mellin operator F in the cone algebra such that A + F is elliptic including σ1. Moreover, we apply the results to ellipticity and index of (operator-valued) edge symbols from the calculus on manifolds with edges.
Introduction
Elliptic (and other types) of operators on a manifold with conical singularities have been studied for a long time, both from the point of view of regularity and asymptotics of solutions in weighted Sobolev spaces, cf. Kondratyev [5] (for the case of boundary value problems), Melrose, Mendoza [6] , Rempel, Schulze [?] , and spectral geometry, index theory, or topology, cf. Cheeger [3] , or Shaw [11] (more references will be given below). Manifolds with conical singularities belong to a hierarchy of categories of stratified spaces, containing manifolds with (smooth) boundary, or edge, corner, or higher polyhedral singularities (briefly referred to as manifolds with singularities). Locally, such spaces are obtained by iteratively forming cones and wedges (starting from smooth manifolds as bases of cones). Corresponding algebras of operators referring to the stratification also have an iterative structure, cf. [9] , [10] . Ellipticity of an operator A on a space of singularity order k ∈ N (where k = 0 corresponds to smoothness, k = 1 to conical or edge singularities) is a bijectivity condition on the components of a principal symbolic hierarchy σ = (σ j ) j=0,...,k . It is interesting for many reasons to construct elliptic operators in that sense, starting from a given operator that is only elliptic with respect to σ 0 , the standard homogeneous principal symbol on the main stratum. Answers in general may be very complicated. In the case of conical singularities we show the existence of a smoothing (in general non-compact) Mellin operator F belonging to the cone algebra such that A + F is also elliptic with respect to σ 1 for a prescribed weight γ ∈ R (where, of course, σ 0 (A + F ) = σ 0 (A)). As we shall see below, such a result considerably simplifies the parametrix construction in the cone algebra. Other applications concern boundary symbols of operators on a manifold with boundary (or, more generally, edge symbols on a manifold with edge). Note that smoothing Mellin operators with the claimed properties in the case of a smooth and closed base can also be deduced from the results of Witt [12] . It is difficult to predict to what extent this approach works in other cases, for instance, boundary value problems. In any case, our construction is relatively elementary and apparently rather general. Our result concerns the general nature of pseudo-differential algebras on a manifold with singularities. The presence of symbolic hierarchies is a new aspect, compared with the smooth case. It is, of course, desirable that the construction of elliptic elements is not too problematic. However, it is hard to decide whether ellipticity of conormal symbols is possible for a weight γ when the non-smoothing part A 0 of a σ 0 -elliptic operator is given. This depends on the individual operator and requires information on "non-linear eigenvalues" contained in the conormal symbols; those usually rule out a discrete set of weights. We construct here a new variety of explicit examples of (σ 0 , σ 1 )-elliptic elements in the cone calculus, no matter what A 0 and γ exactly are.
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Operators in the Cone Algebra
Let M be a manifold with conical singularities v 1 , . . . , v N . For simplicity we consider the case N = 1, and set v := v 1 (the case of arbitrary N is similar and left to the reader). If X is a closed C ∞ manifold, the cone X ∆ := (R + × X)/(R + × X) is an example of such an M ; in this case the conical singularity is represented by {0} × X in the quotient space. In general M is locally near v modelled on such a cone. More precisely, M \ {v} is smooth, and we have a "singular chart"
for some neighbourhood V of v in M and a smooth manifold X = X(v) where χ(v) is equal to the vertex of X ∆ , and
denote the set of all differential operators on M \ {v} with smooth coefficients that are locally near v in the splitting of variables (r, x) ∈ X ∧ (coming from χ reg ) of the form
for coefficients a j ∈ C ∞ (R + , Diff m−j (X)). Here Diff k (·) means the space of all differential operators of order k on the manifold in parentheses.
By the cone algebra on M we understand an algebra of classical pseudo-differential operators on M \ {v} that contains Diff for the corresponding covariables (ρ, ξ), and a functionσ 0 (A)(r, x,ρ, ξ) which is smooth up to r = 0. To recall also the definition on σ 1 (A) we fix some notation on pseudo-differential operators on a C ∞ -manifold X. The corresponding tools will be necessary anyway for the constructions below. We need the operators in parameter-dependent form with a parameter λ ∈ R l for some l ∈ N for N = {0, 1, 2, . . . }. Locally in an open set in R n those operators are defined in terms of classical symbols a(x, ξ, λ) of order m where (ξ, λ) are treated as covariables, and the operators in x are expressed via the Fourier transform. Here "classical" means that a(x, ξ, λ) has an asymptotic expansion in functions that are homogeneous of order m − j, j ∈ N for |ξ, λ| ≥const for a constant > 0. Based on an open covering of X by charts and a subordinate partition of unity we obtain associated pseudo-differential operators, depending on λ. The space L m cl (X; R l ) is defined to be the set of those operator families, plus smoothing families that belong to S(R l , L −∞ (X)). Let Γ β := {z ∈ C : Re z = β} for any β ∈ R, and denote by L m cl (X; Γ β ) the space of all operator fuctions a(z) depending on
, locally near v written in the form (1.2) we set
here X is assumed to be compact. In other words, we interpret σ 1 (A)(z) as a family of operators on the base X of the cone, acting on Sobolev spaces of smoothness s. We have
cl (X; Γ β ) for every β ∈ R. Let us call the operator σ 0 -elliptic, if σ 0 (A) does not vanish on T * (M \ {v}) \ 0, and if the functionσ 0 (A)(r, x,ρ, ξ) is non-vanishing up to r = 0. Moreover, A is called σ 1 -elliptic with respect to a weight γ ∈ R if (1.3) is a family of isomorphisms for all z ∈ Γ (n+1)/2−γ and some s ∈ R. Let us now recall some well-known consequences of the σ 0 -ellipticity of A. In general, an operator family in L m cl (X; R l ) is called parameter-dependent elliptic (of order m) if its homogeneous principal symbol in (ξ, λ) is non-vanishing for all (ξ, λ) = 0. In particular, we have the notion of parameter-
is parameter-dependent elliptic for every fixed β ∈ R. This property is uniform (in an obvious sense) with respect to β = Re z in compact intervals. Thus, from the fact that a parameter-dependent elliptic family induces isomorphisms H s (X) → H s−m (X) when the absolute value of the parameter is sufficiently large (which is in our case uniform in compact β-intervals) it follws that there is a non-empty set E ⊂ C such that (1.3) are isomorphisms for all z ∈ E. Moreover, since (1.3) is a holomorphic family of Fredholm operators, there is a discrete set D ⊂ C such that (1.3) are isomorphisms for all z ∈ C \ D. In particular, we have E = C \ D, and
is some parameter-dependent family, elliptic of order s, and λ 1 ∈ R l sufficiently large. Moreover, M γ−n/2 is the weighted Mellin transform, first defined on
Re z=(n+1)/2−γ , and then extended
is the image of the cylindrical Sobolev space H s (R × X) under the one-dimensional Fourier transform v(t, x) → e −itρ v(t, x)dt with ρ being interpreted as Im z for z ∈ Γ β . Globally on a compact manifold M with conical singularity v the weighted space H s,γ (M ) is defined to be the set of all u ∈ H s loc (M \ {v}) such that ωχ * u ∈ H s,γ (X ∧ ) where χ * is the push forward under (1.1) and ω a cut-off function on the half-axis (i.e., ω ∈ C ∞ 0 (R + ), ω = 1 close to 0). It can easily be verified that an A ∈ Diff m deg (M ) induces continuous operators
, or, more generally, pseudo-differential operators in the cone calculus of [7] will also be referred to as operators in the cone algebra. Some elements of the theory will be outlined below. Close to v they are formulated in terms of meromorphic operator-valued symbols. Later on we also need the spaces
where ω is any cut-off function, and
); for general X we refer to a definition via the latter representation, localised in conical subsets in R 
is Fréchet in a natural way; this allows us to form the spaces 
). Clearly, (1.5) represents a standard pseudo-differential operator on X ∧ , however, in the Mellin operator convention. The operator r −m op γ−n/2 M (h) extends to a continuous operator
when h is independent of r, r for large r, r , for arbitrary γ ∈ R. Operators of the form (1.6) belong to the ingredients of the cone algebra. Other operators are smoothing close to the tip (although not necessarily compact), especially, smoothing Mellin operators with meromorphic symbols. Let us call a sequence
a Mellin asymptotic type, when π C R := {r j } j∈Z intersects every strip c ≤ Re z ≤ c in a finite set, for every c ≤ c . Let M −∞ R (X) denote the space of smoothing Mellin symbols with asymptotic type R, defined to be the set of all f (z) ∈ A(C \ π C R, L −∞ (X)) that are meromorphic with poles at the points r j of multiplicity n j + 1 with Laurent coefficients at (z − r j )
which means the space of all h + f with h in the first, f in the second space on the right hand side. The spaces (1.8) of meromorphic operator functions have many remarkable properties. First it is clear that the z-wise composition preserves the spaces, i.e., we have
for a resulting asymptotic type S.
This condition is independent of β.
S (X) for some asymptotic type S such that f f −1 = 1, and f −1 f = 1 in the sense of the multiplications (1.9).
A proof may be found, for instance, in [7, Section 2.2.5.]. To give an idea on the arguments we can apply Theorem 1.4 below for l = 0. Up to a translation in the complex plane we may assume that
Then it suffices to apply the observation of Example 1.1 together with relation (1.9) and to set
Let us now sketch some aspects of the cone algebra on a compact manifold M with conical singularities. To illustrate the sitiuation let us first introduce the subspace
0 (r, x, rρ, ξ) for a (so-called reduced) symbolσ 0 (r, x,ρ, ξ), smooth up to r = 0. The cone algebra over a compact manifold M with conical singularity consists of operators of the form
cl (M \ {v}) supported off some neighbourhood of v, and a so-called Green operator G, defined by the mapping properties
for some ε > 0 (depending on G) and all s ∈ R where G * means the formal adjoint with respect to the H 0,0 (M )-scalar product. The first summand on the right of (1.10) refers to the local variables (r, x) ∈ X ∧ near v. The operators of the form (
In addition in the cone algebra we have the principal conormal symbol, defined as the operator family
for s ∈ R. An operator A in the cone calculus is called σ 0 -elliptic if σ 0 (A) never vanishes as a function in C ∞ (T * (M \ {v}) \ 0) and if in additionσ 0 (A) is non-zero up to r = 0. Moreover, A is called σ 1 -elliptic if (1.12) consists of isomorphisms for all z ∈ Γ (n+1)/2−γ . We also need a few notions from the cone calculus on the infinite stretched cone X ∧ . Here we can express everything in the variables (r, x). The properties of the respective operators close to r = 0 are as before. An extra assumption concerns A int + G, cf. the formula (1.10). On A int we assume that it belongs to the classical exit calculus for r → ∞ of weight 0 at ∞. Here we refer to the terminology of [8] , and we use the notation for the respective principal exit symbols σ E := (σ e , σ ψ,e ). The conditions on the Green operators G are replaced by mapping properties referring to the spaces
defined as projective limits of the spaces r
for some ε > 0 (depending on G) and all s ∈ R where G * means the formal adjoint with respect to the K 0,0 (X ∧ )-scalar product. The role of the σ 1 -ellipticity (apart from the σ 0 -ellipticity) is illustrated by the following theorem. Theorem 1.3. Let A be an operator in the cone algebra on a compact manifold M with conical singularity, and fix a weight γ ∈ R. Then the following conditions are equivalent:
(i) A is (σ 0 , σ 1 )-elliptic with respect to γ (the latter referring to σ 1 );
(ii) the operator (1.4) is a Fredholm operator for some s = s 0 ∈ R.
Moreover, let A be an operator in the cone algebra on an infinite stretchend cone X ∧ for smooth closed X, and fix γ. Then the following conditions are equivalent:
(iii) A is (σ 0 , σ 1 , σ E )-elliptic with respect to γ (the latter referring to σ 1 );
is a Fredholm operator for some s = s 0 ∈ R. Next we pass to the kernel cut-off theorem. For purposes below we give the formulation for parameter-dependent operator families with parameter λ ∈ R l ; for conical singularities the case
, and let ϕ ∈ C ∞ 0 (R + ). Then the kernel cut-off operator V (ϕ), applied to a Mellin amplitude function a is defined by the expression
(ii) Let ψ ∈ C ∞ 0 (R) be a function that is equal to 1 in a neighbourhood of the origin; then
This theorem is known from [7] , see also [8] . A new proof was given in [?].
Ellipticity with Respect to Prescribed Weights
is parameter-dependent elliptic for some real β. Then for every fixed γ ∈ R there exists an
is a family of isomorphisms for all z ∈ Γ (n+1)/2−γ and every s ∈ R.
Proof. The above-mentioned discrete set D ∈ C intersects the weight line Γ (n+1)/2−γ in at most finitely many points {p 1 , . . . , p N } such that (2.1) is invertible for all z ∈ Γ (n+1)/2−γ \ {p 1 , . . . , p N }.
Without loss of generality we assume γ = (n + 1)/2 since a translation parallel to the real axis allows us to change γ. Moreover, let N = 1; the proof easily extends to the case of arbitrary N which is left to the reader. In other words, we assume that (2.1) is invertible for all z ∈ Γ 0 \ {p} for some p ∈ Γ 0 . Since (2.1) is a family of classical pseudo-differential operators that are Fredholm and of index 0, there are finite-dimensional subspaces
is surjective for all s, and we have ker (h k) = ker h ⊕ {0} = V ⊕ {0}. Let t 0 : V → C d be an isomorphism, and define a continuous operator t :
Then t extends (or restricts) to a continuous mapping t :
is an isomorphism. By using the fact that that linear isomorphisms form an open set in the space of linear continuous operators, for fixed s = s 1 there is a c 1 > 0 such that h k t c :
is an isomorphism for s = s 1 , c := c 1 id C d . This implies that (2.2) is an isomorphism for all s ∈ R since such a block matrix operator is an isomorphism if and only if the first row is surjective, and the second row maps the kernel of the first one isomorphically to C d . However, ker (h k) = ker h = V is independent of s; therefore, the criterion is fullfilled for all s. From (2.2) we now produce an invertible 2 × 2 matrix
with 1 denoting the identity operator in C d . Since all factors are invertible, also
is invertible. Observe that when we replace the operator k in (2.2) by δk for any δ > 0 then the kernel of the modified first row is isomorphically mapped by the second row to C d , no matter how large δ is. Thus the whole construction can be repeated with δk instead of k but the same second row (t c).
Let us now choose a function δ(w) ∈ C ∞ 0 (I) for I = {w ∈ Γ 0 : |w − p| < b} for some b > 0, where δ(p) = 0. Then, setting h δ (w) := h(w) δ(w)k :
for every ε > 0 there are b > 0 and
In fact, for sufficiently small b we have h(p) − h(w) L(H s (X),H s−m (X)) < ε/2 for all w ∈ I, since h(w) is continuous with values in L(H s (X), H s−m (X)). Moreover,
when we choose first δ(w) ∈ C ∞ 0 (I) arbitrary, δ(p) > 0, and then multiply δ by a sufficiently small constant > 0 and denote the new δ again by δ. Thus h(w) δ(w)k t c :
is a family of isomorphisms for all w ∈ I for sufficiently small > 0. Analogously as before we see that h(w) − δ(w)kc
is a family of isomorphisms for all w ∈ Γ 0 , first for w ∈ I, but then, since h(w) consists of isomorphisms for w = p and δ ∈ C ∞ 0 (I), also for w ∈ I. In this consideration we have assumed that s ∈ R is fixed. However, the left hand side of (2.3) consists of a family of elliptic pseudo-differential operators on X; therefore, kernel and cokernel are independent of s, and hence we have isomorphisms (2.3) for all w ∈ Γ 0 , s ∈ R. Let us interpret f 1 (w) := δ(w)kc −1 t as an operator-valued Mellin symbol in the covariable w ∈ Γ 0 , with compact support in w and values in operators ∈ L −∞ (X) of finite rank. In a final step of the proof we modify f 1 (w) to obtain an element f (w) ∈ M −∞ O (X) that approximates f 1 (w) in such a way that (2.1) are isomorphisms for all w ∈ Γ 0 . First Theorem 1.4 gives us
, and f (ε) → f 1 as ε → 0 in the topology of L −∞ (X; Γ 0 ). We will show that we may set f (w) = f (ε) (w) for any fixed sufficiently small ε > 0. It is evident that for any fixed compact interval K ⊂ Γ 0 containing the point p there is an ε(K) > 0 such that for all 0 < ε < ε(K) we have isomorphisms (2.1) for all w ∈ K. To argue for w ∈ Γ 0 \ K we employ Theorem 1.2, i.e., there is an element h −1 (w) ∈ M −m S (X) for some discrete Mellin asymptotic type S with π C S ∩ Γ 0 = {p} such that h −1 (w)h(w) = 1. This gives us family of continuous operators
parametrised by w ∈ Γ 0 \ K. Without loss of generality we take K so large that supp f 1 ⊆ K 1 for some subinterval K 1 ⊂ int K. Let χ(w) ∈ C ∞ (Γ 0 ) be any function which is equal to 0 in a neighbourhood of supp f 1 and 1 outside an open U ⊂ Γ 0 , K 1 ⊂ U with U ⊂ K. Then f (ε) → f 1 gives us χf (ε) → 0 as ε → 0 in the space S(Γ 0 , L −∞ (X)). Using that h −1 (w) is a parameter-dependent family of operators in L −m cl (X) with parameter w ∈ Γ 0 \ {p} we also obtain h −1 χf (ε) → 0 in S(Γ 0 , L −∞ (X)). It follows that there is anε(K) > 0 such that (2.4) are isomorphisms for all 0 < ε <ε(K) and all w ∈ Γ 0 \ K. Thus we obtain altogether isomorphisms (2.1) for f (w) = f (ε) (w), 0 < ε < min (ε(K),ε(K)) for all w ∈ Γ 0 . Corollary 2.2. Let h ∈ M m R (X) be elliptic. Then for every γ ∈ R there exists an f ∈ M −∞ R (X) such that (2.1) is a family of isomorphisms for all z ∈ Γ (n+1)/2−γ and every s ∈ R.
Proof. According to (1.8) we have a decomposition
is a family of isomorphisms for all z ∈ Γ (n+1)/2−γ and every s ∈ R. Thus it suffices to set f = f 0 + f 1 . Theorem 2.1 and Corollary 2.2 can be applied to the construction of parametrices in the cone algebra. Although it has been known for a long time that the cone algebra is closed under forming parametrices of elliptic elements, cf.
[?], [7] , it is desirable to formally apply the following simple guideline. Assume we are given an operator algebra with a principal symbolic hierarchy σ(A) = (σ j (A)) 0≤j≤k where σ-ellipticity means a bijectivity condition for every σ j (A), and σ-ellipticity of two operators implies the same for the composition. Moreover, assume that there are operator conventions that produce operators for a given symbol. If for an operator B which is elliptic with respect to the symbolic components σ j , 0 ≤ j ≤ l for an l < k we always find a σ-elliptic operator Q such that σ j (Q) = σ j (B) for all j = 0, . . . , l, then the process is as follows. Assume A =: A 0 is σ-elliptic. Then we consider σ 0 (A 0 ), form an operator B 0 such that σ 0 (B 0 ) = σ 0 (A 0 ) −1 and pass to a σ-elliptic P 0 with σ 0 (P 0 ) = σ 0 (B 0 ). Then the operator A 1 := P 0 A 0 is σ-elliptic and has the property σ 0 (A 1 ) = 1. The next step is to form a B 1 with σ j (B 1 ) = σ j (A 1 ) −1 for j = 0, 1 and pass to a σ-elliptic P 1 with σ j (P 1 ) = σ j (B 1 ) for j = 0, 1. Then the operator A 2 := P 1 A 1 = P 1 P 0 A 0 is σ-elliptic and has the property σ j (A 2 ) = 1 for j = 0, 1. By continuing this process we find a σ-elliptic P k such that P := P k P k−1 · · · P 0 has the property σ j (P A) = 1 or σ j (P ) = σ j (A) −1 for j = 0, . . . k. If the algebra admits a formal Neumann series argument (which is in our application the case) then from P we obtain a parametrix of A with smoothing left-over terms.
Here for the cone algebra we have k = 1, and the above-mentioned step from B to Q is just what we can do by Theorem 2.1 and Corollary 2.2.
The Case of Manifolds with Conical Singularities and Boundary
Let M be a manifold with conical singularities and boundary. For simplicity we assume again that there is one conical point v. Then M \ {v} is a C ∞ manifold with boundary. Moreover, M is locally near v modelled on a cone X ∆ where X is a compact C ∞ manifold with boundary, similarly as at the beginning of Section 1. Let 2M and 2X be the doubles of M and X, respectively (defined as C ∞ manifolds obtained by gluing together two copies of the respective manifolds along the common boundary). Then 2M is a manifold with conical point as in Section 1 and 2X is the base of the local cone. On the non-compact smooth manifold M \ {v} with boundary we have the pseudo-differential calculus of boundary value problems (BVPs) with the transmission property at the boundary, cf. 
, J 2 ) (3.1) for smooth complex vector bundles E k over M \ {v} and J k over ∂(M \ {v}), respectively, k = 1, 2. Writing A = (A ij ) i,j=1,2 we have A 11 = r + Ae
which is the space of classical pseudo-differential operators over the respective manifold with the transmission property at the boundary, acting between distributional sections of corresponding extensions of the indicated vector bundles to 2M \ {v}, and e + , r + denote extension by zero to the opposite side of the double and restriction to int (M \ {v}). Moreover, G is a so-called Green operator of order m and type d (the latter means, roughly speaking, an involved differentiation of order d transversally to the boundary), while A 21 is a trace operator of order m+1/2 and type d (representing boundary conditions), K is a potential operator of order m − 1/2, and Q ∈ L 
We do not recall here all details on the cone calculus of BVPs; more details may be found in [?] . What we do here is to answer the question of conormal ellipticity for a prescribed weight, and we formulate the tools up to the point where it becomes clear how the analogue of the approach of Section 2 works. The general frame of the cone calculus of BVPs is the subspace B O (X) defined to be the space of all h ∈ A(C, B m,d (X)) such that h| Γ β ∈ B m,d (X; Γ β ) for every β ∈ R, uniformly in compact β-intervals. Moreover, for a sequence (1.7) we define the space M −∞,d R (X) as the set of all f (z) ∈ A(C \ R, B −∞,d (X)) which are meromorphic with poles at the points r j of multiplicity n j + 1, where the Laurent coefficients at (z − r j ) −(k+1) are finite rank operators in B −∞,d (X) for 0 ≤ k ≤ n j , and such that for every R-excision function χ(z) we have χf | Γ β ∈ B −∞,d (X; Γ β ) for every β ∈ R, uniformly in compact β-intervals. Then we set
This property is again independent of β.
The proof of Theorem 3.1 may be obtained by applying similar arguments as for Theorem 1.2. The cone algebra over a compact manifold M with conical singularity v and boundary consisits of operators of the form
supported off some neighbourhood of v, and a so-called Green operator G. For type d = 0 such a G is defined by the mapping properties 4) and, similarly, for the formal adjoint, for some ε > 0 (depending on G) and all s > 1/2. Moreover, a Green operator of the cone calculus of type d ∈ N has the form
for Green operators of G j of type 0 where ∂ j t is an abbreviation of a j-th order differential operator which is close to the boundary differentiating in t, the normal direction. The first summand on the right of (1.10) refers to the local variables (r, x) ∈ X ∧ near v. The operators of the form (3.3) exhaust the space B m,d
deg (M \ {v}) the operators A inherit the symbols σ 0 (A), σ 0 (A) andσ 0 (A),σ 0 (A). By (σ 0 , σ 0 )-ellipticity of A we understand the condition of non-vanishing of σ 0 (A) and bijectivity of σ 0 (A) (including the case with tilde, then up to r = 0). In addition in the cone algebra we have the principal conormal symbol, defined as the operator family
for s ∈ R, s > max {m, d} − 1/2. Moreover, A is called σ 1 -elliptic if (3.5) consists of isomorphisms for all z ∈ Γ (n+1)/2−γ . The operators A in the cone algebra of BVPs on a compact manifold M with conical singularities and boundary induce continuous operators
for all s ∈ R, s > max {m, d} − 1/2. Let us also recall a few notions from the cone calculus on the infinite stretched cone X ∧ . Again we can express everything in the variables (r, x). The properties of the respective operators close to r = 0 are as before. An extra assumption concerns A int + G, cf. the formula (3.3). On A int we assume that it belongs to the classical exit calculus for r → ∞ of weight 0 at ∞. Here we refer to the terminology of [4] , and we use the notation for the respective principal exit symbols σ E := (σ e , σ ψ,e , σ e' , σ ∂,e' ). The conditions on the Green operators G are replaced by mapping properties referring to the spaces
The condition for d = 0 is 8) for some ε > 0 (depending on G) and all s ∈ R, s > 1/2 and an analogous condition for the formal adjoint. In the case d ∈ N, d > 0 the definition of Green operators is similar as before, with differentiations up to order d, transversal to the boundary.
Theorem 3.2. Let A be an operator in the cone algebra of BVPs on the compact manifold with conical singularity M with boundary, and fix a weight γ ∈ R. Then the following conditions are equivalent:
(i) A is (σ 0 , σ 0 , σ 1 )-elliptic with respect to γ (the latter referring to σ 1 );
(ii) the operator (3.6) is a Fredholm operator for some s = s 0 ∈ R.
Moreover, let A be an operator in the cone algebra B m,d (X ∧ ) on an infinite stretched cone X ∧ for a smooth compact manifold X with boundary, and fix γ. Then the following conditions are equivalent:
(iii) A is (σ 0 , σ 0 , σ 1 , σ E )-elliptic with respect to γ (the latter referring to σ 1 ); (iv) the operator
is a Fredholm operator for some s = s 0 ∈ R, s 0 > max {m, d} − 1/2.
The Fredholm property then always holds for all s > max {m, d} − 1/2. The tools for the proof of Theorem 3.2 are of a completely analogous structure as those for Theorem 1.3. Let us now turn to an analogue of the kernel cut-off theorem. Let us again give the formulation for parameterdependent operator families with parameter λ ∈ R l ; for conical singularities the case l = 0 is
Consider an element a(z, λ) ∈ B m,d (X; Γ 0 × R l ), and let ϕ ∈ C ∞ 0 (R + ). Then the kernel cut-off operator V (ϕ), applied to a Mellin amplitude function a is defined by the expression
for some real β. Then for every fixed γ ∈ R there exists an
Proof. An inspection of the proof of Theorem 2.1 shows that the tools are available in analogous form in the case of BVPs. This mainly concerns Theorem 3.1 and Theorem 3.3 . So we can proceed in an analogous manner as in the case of closed manifolds.
R (X) be elliptic. Then for every γ ∈ R there exists an f ∈ M −∞,d R (X) such that (3.11) is a family of isomorphisms for all z ∈ Γ (n+1)/2−γ and every s ∈ R.
Proof. The arguments are analogous to those for Corollary 2.2. 
Some Consequences for Edge Symbols
for coefficients a jα (r, y) ∈ C ∞ (R + × Ω, Diff m−j−|α| (X)). In the following discussion we first consider the case ∂X = ∅. Then the principal symbolic structure of A consists of a pair σ(A) := (σ 0 (A), σ 1 (A)) with σ 0 (A) being the standard homogeneous principal symbol as a function on T * (M \ Y ) \ 0, accompanied by the reduced symbolσ 0 (A) defined in the variables (r, x, y) ∈ R + × X × Ω by the relationσ 0 (A)(r, x, y, ρ, ξ, η) = r m σ 0 (A)(r, x, y, r −1 ρ, ξ, r −1 η). Moreover, the homogeneous principal edge symbol of A
is interpreted as a family of operators
on the open stretched cone X ∧ , parametrised by (y, η) ∈ Ω × (R q \ {0}). Pseudo-differential edge symbols in general are associated with operator-valued amplitude functions of the form
for cut-off functions , , functions h(r, y, z, η) =h(r, y, z, rη),h(r, y, z,η) ∈ C ∞ (R + ×Ω, M m O (X; R q )), cf. the notation in connection with Theorem 1.4 (i), and so-called smoothing Mellin plus Green symbols of order m. Those are specific classical operator-valued symbols. The general definition is as follows. We say that a Hilbert space H is equipped with a group action κ = {κ λ } λ∈R+ if κ λ : H → H is an isomorphism for every λ ∈ R + , κ λ κ λ = κ λλ for every λ, λ ∈ R + , and if the group is strongly continuous. For two Hilbert spaces H andH with group action κ andκ, respectively, allows us to reduce the mappings to η ∈ S * Ω, the unit cosphere bundle of Ω. Then, if we restrict the consideration to S * Ω 0 for an open set Ω 0 ⊂ Ω containing the point y, Ω 0 ⊂ Ω compact, such that (4.8) are Fredolm for all y ∈ Ω 0 , we obtain an index element ind S * Ω0 σ 1 (Ã) ∈ K(S * Ω 0 ), (4.10)
the K-group of S * Ω 0 . An analogue of a well-known topological obstruction of Atiyah, Bott, cf. [1] concerning the existence of Shapiro-Lopatinskij elliptic boundary conditions (that may be non-vanishing also in edge problems, here concerning edge conditions) is the relation
where π * is induced by the bundle pull-back under the canonical projection π : S * Ω 0 → Ω 0 .
(ii) It can be proved that the condition (4.11) is independent of the choice off involved inm(y, η) which makes (4.8) to a family of Fredholm operators, y ∈ Ω 0 . Moreover, in this case we find f andg in such a way that (4.8) is a family of isomorphisms for all y ∈ Ω 0 . In other words, the ellipticity condition on σ 1 (·) in the edge calculus which requires isomorphisms without additional Shapiro-Lopatinskij elliptic edge conditions is natural in a discussion of the edge algebra as the whole.
Remark 4.2. Remark 4.1 has an immediate analogue for BVPs on a manifold with edge for operators with the transmission property at the smooth part of the boundary.
